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A mechanism for asymmetric transport which is based on parity-time-symmetric nonlinearities is
presented. We show that in contrast to the case of conservative nonlinearities, an increase of the
complementary conductance strength leads to a simultaneous increase of asymmetry and transmittance
intensity. We experimentally demonstrate the phenomenon using a pair of coupled Van der Pol oscillators
as a reference system, each with complementary anharmonic gain and loss conductances, connected to
transmission lines. An equivalent optical setup is also proposed.
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Directed transport is at the heart of many fundamental
problems in physics. Furthermore it is of importance to
engineering where the challenge is to design on-chip integrated devices that control energy and/or mass flows in
different spatial directions. Along these lines, the creation
of novel classes of integrated photonic, electronic, acoustic
or thermal diodes is of great interest and constitutes
the basic building blocks for a variety of transport-based
devices such as rectifiers, pumps, molecular switches, and
transistors.
The idea was originally implemented in the electronics
framework, with the construction of electrical diodes that
were able to rectify the current flux. This significant revolution motivated researchers to investigate the possibility
of implementing this idea of ‘‘diode action’’ to other areas.
For example, a proposal for the creation of a thermal diode,
capable of transmitting heat asymmetrically between two
temperature sources, was suggested in Ref. [1]. Another
domain of application was the propagation of acoustic
pulses in granular systems [2].
A related issue concerns the possibility of devising an
optical diode which transmits light differently along opposite propagation directions. Currently, such unidirectional
elements rely almost exclusively on the Faraday effect,
where external magnetic fields are used to break spacetime symmetry. Generally this requires materials with
appreciable Verdet constants and/or large size nonreciprocal devices—typically not compatible with on-chip integration schemes or light-emitting wafers [3]. To address
these problems, alternative proposals for the creation of
optical diodes have been suggested recently. Examples
include optical diodes based on second harmonic generation in asymmetric waveguides [4], nonlinear photonic
band-gap materials [5], photonic quasicrystals and molecules [6], or asymmetric nonlinear structures [7]. Most of
these schemes, however, suffer from serious drawbacks
making them unsuitable for commercial or small-scale
applications. Relatively large physical sizes are often
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needed while absorption or direct reflection dramatically
affects the functionality leading to an inadequate balance
between figures of merit and optical intensities. In other
cases, cumbersome structural designs are necessary to
provide structural asymmetry, or the transmitted signal
has different characteristics than the incident one.
In this Letter we, experimentally and theoretically, demonstrate a mechanism for asymmetric transport exploiting
the coexistence of active elements with distinctive features of nonlinear dynamical systems, such as amplitudedependent resonances. As a reference model we will use
coupled nonlinear electronic Van der Pol (VDP) oscillators
[8] with anharmonic parts consisting of a complementary
amplifier (gain) and a dissipative conductor (loss) combined
to preserve parity-time (P T ) symmetry [see Fig. 1(a)].
P T -symmetric structures were inspired by quantum
field theories [9]; their technological importance was first
recognized in the framework of optics [10], where several
intriguing features were found [10–21]. For example, the

FIG. 1 (color online). (a) A nonlinear P T -symmetric electronic dimer. (b) The equivalent optics setup consisting of two
nonlinear microcavities, one with gain and another with loss.
(c) Gain and loss circuits of the Van der Pol P T -symmetric
dimer. (d) Experimental I-V response (circles) for the gain (red)
and loss (blue) elements along with the corresponding NGSPICE
simulations (solid lines), taken at a frequency of 30 kHz, typical
of the active range of the VDP dimer.
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theoretical proposal of Refs. [20,21] suggested using nonlinearities to induce asymmetric transport. Very recently
the idea of creating P T -symmetric devices within the
electronics framework was proposed and experimentally
demonstrated in Ref. [22]. P T electronics provides a platform for the detailed scrutiny of many new concepts within
a framework of easily accessible experimental configurations [22–24]. Despite all this activity, the majority of
P T -symmetric Hamiltonians introduced in quantum field
theory, optics, and electronics have been restricted to conservative anharmonic constituents (if any) with the matched
gain and loss exclusively linear (see, however, the theoretical works [25–27]).
Below we exploit the simplicity of the electronic circuitry framework in order to demonstrate with experiment,
simulations, and theory, asymmetric transport from
P T -symmetric structures that belong to a relatively unexplored class of nonlinear systems whose anharmonic parts
include the mutually matched gain and loss. We remark,
however, that our proposal can be implemented in optics
[see Fig. 1(b)] by employing concatenated semiconductor
optical amplifiers and semiconductor-doped two-photon
absorber microcavities.
An ideal VDP oscillator has a linear antidamping at low
amplitudes which is subsequently overtaken by a cubic
dissipation at high amplitudes. In electronics this is an
LC oscillator in parallel with a voltage dependent conductance characterized by the I-V curve IðVÞ ¼ V=R þ bV 3
where b is a nonlinear strength. A negative impedance
converter [right circuit of Fig. 1(c)] generates a 1=R
term, and we approximate the cubic turn-around with
parallel back-to-back diodes moderated by a resistor. The
time-reversed conductance is constructed with the resistor
R and the diode combination interchanged [left circuit
of Fig. 1(c)]. The resulting ‘‘gain’’ and ‘‘loss’’ nonlinear
conductances refer to their low amplitude character. The
respective nonlinear I-V curves of the gain and loss elements are shown in Fig. 1(d). The slight retrace errors that
we observe will be discussed later in connection with the
simulations. The 0:36R in series with the diodes optimizes
the experimental-simulation match to the cubic nonlinearity used in the theory. It is important to note that only the
parameter R is used to set the gain or loss parameter  ¼
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R1 L=C, while the diode turn-on characteristics are
fixed. When comparisons are made to theoretical models,
the voltage scaling will consequently depend on .
The schematic of the complete dimer circuit is shown in
the circuit of Fig. 1(a). The coupled LC heart of the circuit
is identical to that used in a previous work [22] with the
gain and loss elements modified by the I-V nonlinearity.
The complementary VDP oscillators are capacitively
coupled by Cc .
Transmission lines (TLs) with impedance Z0 are
attached to the left (loss) and the right (gain) LC nodes
of the dimer to complete the scattering system used to
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perform our transport measurements. Experimentally,
these take the form of resistances R0 ¼ Z0 in series with
independent voltage sources, here HP3325A synthesizers,
on the right and left sides. The incoming and outgoing
traveling wave components associated with a particular TL
are deduced from the complex voltages on both ends of R0 ,
as sampled by a Tektronix DPO2014 oscilloscope. For
example, on the left (lossy) side, with VLC the voltage
amplitude on the left dimer circuit node, and V0 the voltage
amplitude on the synthesizer side of the coupling resistor
R0 , the incident wave on the dimer has a voltage amplitude
VLþ ¼ V0 =2 and the outgoing wave has a voltage amplitude
VL ¼ VLC  V0 =2. An equivalent relation for VRþ and VR
holds for the right TL terminal with the  superscripts
interchanged, since they refer to the right or left wave
traveling direction regardless of the terminal orientation.
The scattering measurements are performed for a fixed
incoming wave amplitude set by V0 of the signal generator
on either the left or the right side with the other side set to
zero. The generator frequency is stepped (up or down), and
the three relevant waveforms, V0 and VLC on the left and
right are simultaneously captured (the V0 channel on the
transmitted side is zero). Harmonic components of each
wave constituent can be independently analyzed for
magnitude and relative phase. Instrumentation noise and
sample time determine the accuracy of this analysis, which
was found to be <1%.
Circuit behavior was numerically modeled by the
NGSPICE simulator [28]. In Fig. 1, circuit analysis was
done in the time-domain for the individual gain or loss
elements. Using initial dc operating conditions, an oscillating voltage source drives the circuit through a transient
regime into steady-state operation, at which point the
voltages and currents are recorded. Using SPICE modeling
we were able to confirm that the slight retrace errors that
are observed in the IV experimental curves shown in Fig. 1
result from slew effects in the LM356 op-amps serving in
the negative impedance converters.
The transmittances TðÞ versus the driving frequency 
in Fig. 2 are similarly obtained with R0 in series with a
drive V0 standing in for the TL. The steady-state timedomain simulations for the P T -symmetric dimer in the
scattering configuration are now obtained. Fourier analysis
is used to extract the relevant frequency-dependent voltages and currents, which are then used to calculate the
scattering parameters. As a check of the accuracy of our
numerical approach, we have also extracted the transmittance using a nonlinear harmonic balance circuit analysis
[29]. We have confirmed that the results are identical,
within numerical accuracy, to the ones obtained from the
time-domain analysis. In Fig. 2 we also report the experimental left and right transmittances for the P T -symmetric
VDP dimer. The overall shape of the measured transmittances reasonably matches the numerical simulations. The
deviations are associated with a small parasitic inductive
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FIG. 2 (color online). Experimental data of transmittances TL
and TR for left (solid blue line) and right (solid red line) incident
waves. The results of the numerical simulations with SPICE for
TL ðTR Þ transmittances are shown as dashed blue (red) lines. The
arrow at 39.5 kHz shows the position of maximal asymmetry.
Upper inset: The ratio between the experimental transmittances
associated with the third harmonic T ð3Þ and the fundamental
frequency T ð1Þ . Here,  ¼ 0:031 and  ¼ 0:15. Lower inset:
Experimental TðÞ for the same  but smaller gain and loss
parameter  ¼ 0:11. Note that as  decreases, the asymmetry
and the transmitted intensity are both reduced.

coupling, which we have experimentally verified to have a
dominant influence on the lower mode (note the frequency
asymmetry in the experimental curve of transmittance in
Fig. 2). The effects of small influences are magnified by the
resonant character of the physically significant regions.
A striking feature of the results of Fig. 2 is the fact that
the transmittance from left to right TL ðÞ differs from the
transmittance from right to left TR ðÞ, i.e. TL Þ TR . The
phenomenon is most pronounced in the regions of
the resonances distorted by the nonlinearity, indicated by
the arrow at 39.5 kHz, and is the main result of this Letter.
This asymmetry is forbidden by the reciprocity theorem in
the case of linear, time-reversal symmetric systems [30].
In fact, it is not present even in the case of linear
P T -symmetric structures [23]. At the same time, a conservative nonlinear medium by itself cannot generate such
transport asymmetries. Furthermore, we find that increasing the gain or loss parameter  which is responsible for
the asymmetric transport, maintains or even enhances the
transmitted intensities while it leaves unaffected the resonance position (compare the lower inset of Fig. 2 with the
main panel). This has to be contrasted with other proposals
of asymmetric transport which are based on conservative
nonlinear schemes (see for example Ref. [7]), where
increase of asymmetry leads to reduced transmittances.
We have also confirmed via direct measurements that the
observed asymmetric transport is not related to the generation of higher harmonics in the output signal. In the upper

inset of Fig. 2 we report the ratio T ð3Þ =T ð1Þ between
experimental transmittances of the third harmonic to the
fundamental. Even harmonics are absent in the transmission spectra due to the nature of VDP anharmonicity, while
for higher harmonics T ðn>3Þ the experimental values of
T ðnÞ =T ð1Þ are below the noise level of our measurements.
These results are also supported by the SPICE simulations
(not shown). We emphasize that our definition of a rectifying structure is related to the fact that the transmitted power
at fixed incident amplitude and at the same frequency
should be sensibly different in the two opposite propagation directions. The role of the nonlinearity is confined
primarily to currents internal to the dimer, while their
harmonic contribution to the TL signals is suppressed by
the resonant nature of the LC elements.
Since the phenomenon is nonlinear, the asymmetry
depends on both frequency and amplitude. To quantify its
efficiency, we report the rectification factor
Q¼

TL  TR
TL þ TR

(1)

which is zero for symmetric transport and approaches 1
for maximal asymmetry. Some representative experimental
rectification factors Q for two different values of  are
shown in Fig. 3 together with the SPICE simulations. The
measurements and the simulations compare nicely with
one another. Note that increasing  broadens the regions
in which jQj is relatively large.
As discussed above the asymmetry between left and
right transmittances does not rely on the presence of higher
harmonics but rather on the interplay of nonlinear elements
with the P T symmetry. To unveil the importance of these
features we have developed a theoretical understanding of
asymmetric transport by restricting our analysis to the basic
harmonic. Application of the first and second Kirchoff’s
laws at the TL-dimer contacts allows us to find the current or
voltage wave amplitudes I, V at the left (L) and right (R)
contact. We get

Exp. γ =0.15
Num. γ =0.15

0.5
Q

0
Exp. γ =0.11
Num. γ =0.11

-0.5
32

36
ν (kHz)

40

FIG. 3 (color online). Experimental (solid lines) and SPICE
(symbols) results for the rectification factor Q Eq. (1) for the
coupled P T -symmetric VDP dimer of Fig. 1 with two different
 values and  ¼ 0:03. The Q factor increases with the
conductance strength parameter .
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Note that Eqs. (2) contain nonlinear terms on the righthand side which are responsible for harmonic generation.
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where the dimensionless current or voltage amplitudes
I, V at pthe
are defined as IL=R ¼
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃlead-dimer contacts
I L=R =ðZ0 3bRÞ, V ¼ V L=R = 3bR. The dimensionless
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃ
time is  ¼ t= LC and  ¼ L=C=Z0 is the dimensionless
TL conductance, while we have also introduced the dimensionless capacitance c ¼ Cc =C, a measure of the intradimer
coupling. Note that Eq. (2) are invariant under a joint P
(i.e., L $ R) and T (i.e., t $ t) operation.
At any point along a TL, the current and voltage determine the amplitudes of the right and left traveling wave

components. The forward V þ
L=R and backward V L=R
wave amplitudes, and the voltage V L=R and current I L=R
at the TL-dimer contacts satisfy the continuity relation

i!
V L=R ¼ ðV þ
þ c:c:;
L=R þ V L=R Þe
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FIG. 4 (color online). Transmission curves jV out=in j2 for a
nonlinear P T -symmetric VDP dimer with  ¼ 0:14,  ¼
0:03, ! ¼ 0:98, and c ¼ 0:27. The results from Eq. (5) are
compared together with the experimental data and the SPICE
simulations. An asymmetry between a left (indicated as Left in
the figure) and right (indicated as Right in the figure) incident
wave is evident. Inset: For a dimer with both sites having the
same amount of loss (blue dashed line and blue circles) or gain
(red line and red circles) the transmission curves are the same for
left or right incident waves. In the inset we have used the
theoretical expression Eq. (5).

However, as suggested by the experimental data, we can
neglect these higher harmonics and thus restrict our analytic study to the fundamental. Keeping this in mind when
substituting Eqs. (3) into Eqs. (2), we get


2
sþ1 !ð1  jV þ þ V  j2 ÞðV þ þ V  Þ þ c!2 V þ=
ð1Þs i!ðV þ
L=R þ V L=R Þ ¼ ½1  ! ð1 þ cÞ þ ið1Þ
L=R
L=R
L=R
L=R
R=L
þ= 2
þ=
þ

s
2
2
i!ðV þ=
R=L Þ ¼ ½ð1Þ i!ð1  jV R=L j Þ  ð1 þ cÞ! þ 1V R=L þ c! ðV L=R þ V L=R Þ
þ
where we used the compact notation V þ=
R=L for V R and

V L . The exponent s above takes the values s ¼ 0, 1 for L,
R current amplitudes, respectively.
We solve Eq. (4) with the use of a backward transfer
map [31]. The latter uses the output amplitude V out ¼

Vþ
R ðV L Þ as an initial condition together with the boundary
þ
conditions V 
R ¼ 0 (V L ¼ 0) for a left (right) incoming
wave. Iterating backwards, we calculate the corresponding


incident V in ¼ V þ
L (V R ) and reflected V refl ¼ V L
þ
(V R ) amplitudes for a left (right) incident wave.
Representative (jV in j2 , jV out j2 ) curves are shown in

Fig. 4. We have confirmed by numerical integration of the
equations of motion [Eqs. (2)] into steady state, that the
backward transfer map is accurate to within 1% below an
output amplitude of 1:15. We emphasize that precise
agreement between theory and the experimental data is
sensitive to the exact form used for the nonlinearity, cubic
for the theoretical vs. that shown in Fig. 1 for the experiment, exacerbated by the predominance of the effect in
the vicinity of resonance. The associated transmittances
are defined as T  jV out =V in j2 . Straightforward algebra
gives:





2


2!c






TL ¼ 
;



 þ ½ 1  j V out j2 þ i  i!ð1 þ cÞ þ ðc!Þ2 
c!
!
where  ¼ ½  ð1  jV out j2 Þ þ ði=!Þ  i!ð1 þ cÞ.
The transmittance TR for a right incident wave is given
by the same expression as Eq. (5) with the substitution of
 !  i.e., TR ðÞ ¼ TL ðÞ Þ TL ðÞ. Obviously for

(4)

(5)

 ¼ 0 (linear passive dimer) we have TL ¼ TR . We have
also checked (inset of Fig. 4) that a nonlinear dimer with
uniform distributed gain or loss in both sites, does not
result in asymmetric transport. We conclude therefore
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that the origin of asymmetric transport is due to the fact
that nonlinear resonances are detuned differently for left
(i.e., insert from lossy site) and right (i.e., insert from gain
site) incident waves, as seen from Eq. (5).
Conclusions.—Using coupled P T -symmetric nonlinear
VDP oscillators, we have demonstrated experimentally
and theoretically an asymmetric wave transport mechanism which is based on the coexistence of nonlinearity
and P T symmetry. Contrary to other nonlinear isolation
schemes, we find that the transmitted signal remains relatively unpolluted by higher harmonics. At the same time
the P T symmetry guarantees a high asymmetric ratio
without compromising the intensity of the transmitted
signal. Finally it will be interesting to use our simple
anharmonic P T -symmetric electronic framework in order
to experimentally investigate other novel phenomena like
P T solitons, nonlinear Fano resonances, and perfect
transmission [25,26].
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